We introduce a persistence-like pseudo-distance on Tamarkin's category and prove that the distance between an object and its Hamiltonian deformation is at most the Hofer norm of the Hamiltonian function. Using the distance, we show a quantitative version of Tamarkin's non-displaceability theorem, which gives a lower bound of the displacement energy of compact subsets in a cotangent bundle.
Introduction
In this paper, we introduce a pseudo-distance on Tamarkin's category, inspired by the recent work by Kashiwara-Schapira [KS17] on the sheaf-theoretic interpretation of the interleaving distance for persistence modules. We also propose a new sheaf-theoretic method to estimate the displacement energy of compact subsets in a cotangent bundle, which is a quantitative generalization of Tamarkin's non-displaceability theorem. We will recall the notion of displacement energy in Subsection 1.1 and then state our results in Subsection 1.2.
Displacement energy
For a given compact subset in a symplectic manifold, its displacement energy is defined as the infimum of energy of Hamiltonian isotopies which displace the subset. In this paper, we consider the displacement energy in the case the symplectic manifold is a cotangent bundle. Let M be a connected manifold and I be an open interval containing [0, 1]. We denote by T * M the cotangent bundle equipped with the canonical exact symplectic structure. A compactly supported C ∞ -function H = (H s ) s∈I : T * M × I → R defines the time-dependent Hamiltonian vector field X H = (X Hs ) s on T * M . By the compactness of the support, X H generates a Hamiltonian isotopy φ H = (φ H s ) s : T * M × I → T * M . Following Hofer [Hof90] , for a compactly supported function H : T * M × I → R, we define Here φ H 1 denotes the time-one map of the Hamiltonian isotopy φ H . Note that if e(A, B) = +∞, then A ∩ φ H 1 (B) = ∅ for any H. The aim of this paper is to give a lower bound of e(A, B) in terms of the microlocal sheaf theory due to Kashiwara and Schapira [KS90] .
Main results
We shall estimate the displacement energy by introducing a pseudo-distance on Tamarkin's category D(M ). In order to state our results, we prepare some notions. In the sequel, let k be a field. Let moreover X be a C ∞ -manifold. We denote by D b (X) the bounded derived category of sheaves of k-vector spaces. For an object F ∈ D b (X), its microsupport SS(F ) is defined as the set of directions in which the cohomology of F cannot be extended isomorphically. The microsupport is a closed subset of the cotangent bundle T * X and invariant by the action of R >0 on T * X.
In [Tam08] , Tamarkin introduced a category D(M ) and used it to prove the nondisplaceability of particular compact subsets. The category D(M ) is defined as a quotient category of D b (M × R). For a compact subset A of T * M , D A (M ) denotes the full subcategory of D(M ) consisting of objects whose microsupports are contained in the cone of A in T * (M × R). For an object F ∈ D(M ) and c ≥ 0 there is a canonical morphism τ 0,c (F ) : F → T c * F , where T c : M × R → M × R, (x, t) → (x, t + c). See Section 3 for more details.
First, using the R-direction of M ×R, we introduce the following pseudo-distance d D(M ) on Tamarkin's category D(M ), which is similar to the interleaving distance for persistence modules (see [CCSG + 09, CdSGO16] ). Our definition is inspired by the pseudo-distance on the derived categories of sheaves on vector spaces recently introduced by KashiwaraSchapira [KS17] . See also Remark 4.10 for their relation. Now let us consider the distance between an object in D(M ) and its Hamiltonian deformation. Let H : T * M × I → R be a compactly supported Hamiltonian function. Then, using the sheaf quantization associated with the Hamiltonian isotopy φ H due to Guillermou-Kashiwara-Schapira [GKS12] one can define a functor Ψ H 1 :
for any compact subset A of T * M . Our first result is the following. 
The outline of the proof is as follows. First we prove that the angle of a cone containing the microsupport of a "homotopy sheaf" controls the distance between the objects at the both ends. Then using the sheaf quantization associated with φ H we can construct a
As an application of Theorem 1.4, we prove that the displacement energy of the image of the compact exact Lagrangian immersion
is greater than or equal to 2/3 (see Example 4.22). Using this estimate, we give a purely sheaf-theoretic proof of the following theorem of Polterovich, for subsets in cotangent bundles. Note that he proved the result for more general class of symplectic manifolds, using pseudo-holomorphic curves. 
Organization
This paper is structured as follows. In Section 2, we recall some basics of the microlocal sheaf theory. Let X be a C ∞ -manifold. For a locally closed subset A of X, we denote by A its closure and by Int(A) its interior. We also denote by ∆ X or simply ∆ the diagonal of X × X. We denote by τ X : T X → X the tangent bundle of X and by π X : T * X → X the cotangent bundle of X. If there is no risk of confusion, we simply write π instead of π X . For a submanifold M of X, we denote by T * M X the conormal bundle to M in X. In particular, T * X X denotes the zero-section of T * X. We setT * X := T * X \ T * X X. Let f : X → Y be a morphism of manifolds. With f we associate morphisms and a commutative diagram
where f π is the projection and f d is induced by the transpose of the tangent map
We denote by (x; ξ) a local homogeneous coordinate system of T * X. The cotangent bundle T * X is an exact symplectic manifold with the Liouville 1-form α = ξ, dx . The antipodal map a : T * X → T * X is defined by (x; ξ) → (x; −ξ). For a subset A of T * X, we denote by A a its image under the map a.
Microsupports of sheaves (
For a locally compact Hausdorff space X, we denote by k X the constant sheaf with stalk k and by D b (X) = D b (k X ) the bounded derived category of sheaves of k-vector spaces on X. One can define Grothendieck's six operations between derived categories of sheaves RHom, ⊗, Rf * , f −1 , Rf ! , f ! for a continuous map f : X → Y . Since we work on the field k, we simply write ⊗ instead of
For an inclusion i Z : Z → X of a locally closed subset Z of X and F ∈ D b (X), we define
We simply write k Z for (k X ) Z . From now on, let X be a manifold. One denotes by ω X ∈ D b (X) the dualizing complex on X, that is, ω X := a ! X k, where a X : X → pt is the natural morphism. Note that ω X is isomorphic to or X [dim X], where or X is the orientation sheaf on X. More generally, for a morphism of manifolds f : X → Y , we denote by
Let us recall the definition of the microsupport
Definition 2.1 ([KS90, Definition 5.1.2]). Let F ∈ D b (X) and p ∈ T * X. One says that p ∈ SS(F ) if there is a neighborhood U of p in T * X such that for any x 0 ∈ X and any C ∞ -function ϕ on X (defined on a neighborhood of x 0 ) with dϕ(x 0 ) ∈ U , one has
The following properties can be checked from the definition of microsupports.
(i) The microsupport is a conic (i.e., invariant by the action of R >0 on T * X) closed subset of T * X.
(iii) The microsupports satisfy the triangle inequality: if
We also use the notationSS(F ) := SS(F ) ∩T * X = SS(F ) \ T * X X. 
Then the canonical morphism
is an isomorphism.
Next we shall consider bounds for the microsupports of proper direct images, noncharacteristic inverse images, and RHom.
Definition 2.4. Let f : X → Y be a morphism of manifolds and A ⊂ T * Y be a closed conic subset. The morphism f is said to be non-characteristic for A if
(2.5) See (2.1) for the notation f π and f d . In particular, any submersion from X to Y is non-characteristic for any closed conic subset in T * Y . Note that submersions are called smooth morphisms in [KS90] . One can show that if 
(
ii) Assume that f is non-characteristic for SS(G). Then the canonical morphism
For closed cones A and B of T * X, let us denote by A + B the fiberwise sum of A and B, that is,
Using microsupports, we can microlocalize the category D b (X). Let A ⊂ T * X be a subset and set Ω = T * X \ A. We denote by D b A (X) the subcategory of D b (X) consisting of sheaves whose microsupports are contained in A. By the triangle inequality, the subcategory D b
A (X) is a triangulated subcategory. We set
B (X; Ω) denotes the full triangulated subcategory of D b (X; Ω) consisting of F with SS(F ) ∩ Ω ⊂ B. Note that our notation is the same as in [KS90] and slightly differs from that of [Gui12, Gui16a] .
Kernels ([KS90, §3.6])
For i = 1, 2, 3 let X i be a manifold. We write X ij := X i × X j and X 123 := X 1 × X 2 × X 3 for short. We use the same symbol q i for the projections X ij → X i and X 123 → X i . We also denote by q ij the projection X 123 → X ij . Similarly, we denote by p ij the projection T * X 123 → T * X ij . One denotes by p 12 a the composite of p 12 and the antipodal map on T * X 2 .
Let A ⊂ T * X 12 and B ⊂ T * X 23 . We set
We define the operation of composition of kernels as follows:
If there is no risk of confusion, we simply write
. By Theorem 2.5 and Proposition 2.6 we have the following.
(2.12) 3 Tamarkin's separation theorem and sheaf quantization of
Hamiltonian isotopies
In what follows, until the end of the paper, let M be a connected manifold without boundary.
In this section, we recall the definition of Tamarkin's category and the separation theorem due to Tamarkin [Tam08] . We can prove the non-emptiness of the intersection of two compact subsets using the theorem. We also review the existence result of sheaf quantizations of Hamiltonian isotopies due to Guillermou-Kashiwara-Schapira [GKS12] . This enables us to consider Hamiltonian deformation in Tamarkin's category.
Tamarkin's separation theorem ([Tam08, GS14])
Tamarkin [Tam08] introduced a category D(M ) and proved the separation theorem, which enables us to prove the non-emptiness of the intersection of two compact subsets in the cotangent bundle T * M .
Denote by (x; ξ) a local homogeneous coordinate system on T * M and by (t; τ ) the homogeneous coordinate system on T * R. Define the maps
If there is no risk of confusion, we simply write s for s R . We also set
Note that the functor ⋆ is a left adjoint to Hom ⋆ . The functor
Similarly the functor
defines a projector on the right orthogonal D b {τ ≤0} (M × R) ⊥ . By using these projectors, Tamarkin proved that the localized category
We set Ω + := {τ > 0} ⊂ T * (M × R) and define the map
Definition 3.2. One defines
For a compact subset A of T * M , one also defines a full subcategory
For F ∈ D(M ), we take the canonical representative
Remark 3.3. Let f : M → N be a morphism of manifolds and set
The following separation theorem is proved by Tamarkin [Tam08] . 
Sheaf quantization of Hamiltonian isotopies ([GKS12])
We recall a result of Guillermou-Kashiwara-Schapira [GKS12] , which asserts the existence of a sheaf whose microsupport coincides with the conified graph of a Hamiltonian isotopy. The sheaf is called a sheaf quantization of the Hamiltonian isotopy. Using sheaf quantization of Hamiltonian isotopies, we can define Hamiltonian deformation in Tamarkin's category D(M ).
Let I be an open interval in R containing 0 and φ H = (φ H s ) s∈I : T * M × I → T * M be a Hamiltonian isotopy associated with a compactly supported Hamiltonian function H : T * M × I → R. Note that the Hamiltonian vector field is defined by ω(X Hs , * ) = −dH s and φ H is the identity for s = 0. One can conify φ H and construct φ such that φ lifts φ H as follows. Define H : T * M ×T * R × I → R by H s (x, t; ξ, τ ) := τ · H s (x; ξ/τ ). Note that H is homogeneous of degree 1, that is, H s (x, t; cξ, cτ ) = c · H s (x, t; ξ, τ ) for any c ∈ R >0 . The Hamiltonian isotopy φ : T * M ×T * R × I → T * M ×T * R associated with H makes the following diagram commute (recall that we have set Ω + = {τ > 0} ⊂ T * (M × R) and ρ : Ω + → T * M, (x, t; ξ, τ ) → (x; ξ/τ )):
where (x ′ ; ξ ′ /τ ) = φ H s (x; ξ/τ ). By construction, φ is a homogeneous Hamiltonian isotopy:
By construction, we have
Note also that
for any s ∈ I (see (2.10) for the definition of A • B). 
Moreover both projections Supp(K) → M × R × I are proper.
Remark 3.7. In [GKS12, Theorem 4.3], it is proved that K| M ×R×M ×R×J is a bounded object for any relatively compact interval J of I. Since we assume that H has compact support, we find that
The object K is called the sheaf quantization of φ or associated with φ H . Set
It is also proved by Guillermou-Schapira [GS14, Proposition 3.29] that the composition with K and K s defines functors
(3.18)
for any s ∈ I. In fact, by Proposition 2.7 and (3.13) we get
In other words, the composition
4 Pseudo-distance on Tamarkin's category and displacement energy
In this section, we introduce a pseudo-distance
We prove that the distance between an object and its Hamiltonian deformation via sheaf quantization is less than or equal to the Hofer norm of the Hamiltonian function. Using the result, we also show a quantitative version of Tamarkin's non-displaceability theorem, which gives a lower bound of the usual displacement energy.
Complements on torsion objects
The notion of torsion objects was introduced by Tamarkin [Tam08] and the category of torsion objects was systematically studied by Guillermou-Schapira [GS14] . In this subsection, we introduce the notion of c-torsion for c ∈ R ≥0 , which we will use to estimate the displacement energy. Note that the results in this subsection are essentially due to Guillermou-Schapira [GS14] . First we recall the microlocal cut-off lemma in general setting. Let V be a finitedimensional real vector space and γ be a closed convex cone with 0 ∈ γ in V . Define the mapsq
The following is called the microlocal cut-off lemma due to Kashiwara-Schapira [KS90, Proposition 5.2.3], which is reformulated by Guillermou-Schapira [GS14, Proposition 3.9]. For a cone γ with 0 ∈ γ in V , we define its polar cone γ • ⊂ V * by
We also identify T * V with V × V * .
Proposition 4.1. Let V be a finite-dimensional real vector space and γ be a closed convex cone with 0 ∈ γ in V . Then for
Hence, by Proposition 2.6 (ii) we have 
For c ∈ R, we define the translation map
, by (4.5) we have
for any c ∈ R. Hence, for c
Note that a c-torsion object is c ′ -torsion for any c ′ ≥ c. Recall also that the category
Hence we can define c-torsion objects in D(M ). Let I be an open interval of R containing the closed interval [0, 1]. We recall a result on sheaves over M × R × I due to Guillermou-Schapira [GS14] . We denote by (t; τ ) the homogeneous symplectic coordinate system of T * R and by (s; σ) that of T * I. For a, b ∈ R >0 , we set
Let q : M × R × I → M × R be the projection. We identify T * (R × I) with (R × I) × R 2 .
Proposition 4.3 (cf. [GS14, Proposition 5.9])
. Let H ∈ D b {τ ≥0} (M × R × I) and s 1 < s 2 be in I. Assume that there exist δ, a, b ∈ R >0 satisfying
Proof. The proof is essentially the same as that of [GS14, Proposition 5.9]. For the convenience of the reader, we give a detailed proof again. We only consider Rq * (H M ×R×[s 1 ,s 2 ) ). and omit the proof for the other case.
(a) Choose a diffeomorphism ϕ : (s 1 − δ, s 2 + δ)
Then by the assumption on ϕ, we have s 2 ) ). Here q in the right hand side denotes the projection M × R × R → M × R, (x, t, s) → (x, t) by an abuse of notation. Therefore replacing H with H ′ , we may assume that I = R and (4.11). (b) Set V = R 2 and denote by s V : M ×V ×V → M ×V the sum of V . By Proposition 4.1, we have
H). Combining with (4.12) we obtain
where
14)
whereq(t, s, t ′ , s ′ ) = (t, t ′ , s ′ ), q 2 (x, t, t ′ , s ′ ) = (x, t ′ , s ′ ), ands(x, t, t ′ , s ′ ) = (x, t + t ′ ). By the adjunction of (id M ×q) ! and (id M ×q) ! , we get 
Moreover through (4.15), we find that τ 0,c (Rq
This set is an empty set or a half closed interval if t ∈ (a(
Pseudo-distance on Tamarkin's category
In this subsection, we introduce a pseudo-distance on Tamarkin {τ ≥0} (M × R) and a, b ∈ R ≥0 . Then F is said to be (a, b)-isomorphic to G if there exist morphisms α, δ : F → T a * G and β, γ : G → T b * F satisfying the following conditions: 
For the relation to the notion of "a-isomorphic" recently introduced by KashiwaraSchapira [KS17] and the interleaving distance for persistence modules, see Remark 4.10
Proof. By assumption, for i = 0, 1 there exist morphisms
We set
Let us consider the following commutative diagram:
The two triangles in the diagram commute by (4.19). Since we obtain the square by applying τ a 0 ,a 0 +a 1 +b 1 to β 0 , it also commutes. Hence we have T a 0 +a 1 * β • α = τ 0,a 0 +a 1 +b 0 +b 1 (F 0 ). Similarly we get T b 0 +b 1 * δ • γ = τ 0,a 0 +a 1 +b 0 +b 1 (F 2 ). Moreover, by (4.19) again, we obtain A similar argument to the proof of Lemma 4.7 shows the following lemma. We summarize some properties of
Let moreover f : M → N be a morphism of manifolds and set f := f ×id R : M ×R → N ×R. Regarding F and G as objects in the right orthogonal
Proof. Example 4.12. Assume that M is compact and ϕ : M → R be a C ∞ -function. Define
(4.23)
Set a := max{max ϕ, 0}, b := − min{min ϕ, 0}. Then there exist morphisms α :
Example 4.13. Assume that M is compact. Let L be a compact connected exact Lagrangian submanifold of
Then by a result of Guillermou [Gui12, Gui16a] , there exists an object [Ike17] for a sheaf-theoretic proof). For simplicity, we assume that
(4.26)
Let moreover F i be the canonical sheaf quantization associated with L i and f i . Set a := max p∈L 1 ∩L 2 (f 2 − f 1 ). Then, using an estimate of SS(Hom ⋆ (F 1 , F 2 )) and the microlocal Morse lemma (Proposition 2.3), one can show that
for any k ∈ Z. Thus there exists a morphism α :
Next we prove that a "homotopy sheaf" gives an (a, b)-isomorphic pair.
Lemma 4.14.
Proof. By assumption, we have T c * w
(4.29)
On the other hand, since τ 0,c (G)
(4.30)
Moreover we obtain 
for any s ∈ (s 1 − δ, s 2 + δ), which implies 
we find that
Thus by Lemma 4.7 again, H| M ×R×{0} is (b n + ε/2, a n + ε/2)-isomorphic to H| M ×R×{1} for any n ∈ Z >0 , where a n and b n are the Riemann sums
Displacement energy
In this subsection, we prove a quantitative version of Tamarkin's non-displaceability theorem, which gives a lower bound of the displacement energy. For a compact subset A of T * M , set e(A) = e(A, A).
We give a sheaf-theoretic lower bound of e(A, B). For that purpose, we make the following definition. In particular, for any
Proof. Suppose that a compactly supported Hamiltonian function H : 
which proves the theorem.
We list some properties of e D(M ) .
(ii) Assume that F and G are cohomologically constructible as objects in
(iii) Assume that there exist compact subsets A and
is induced by τ 0,c (F ), this morphism is also zero. This proves the first inequality. The proof for the second one is similar.
(ii) First, we show that
(4.47)
By Theorem 2.5 and Proposition 2.6, 
(4.49)
Denote byπ : 
Using this decomposition, we find that 
Examples and applications
In this subsection, we give some examples to which Theorem 4.18 is applicable. The first two examples Example 4.22 and Example 4.24 treat exact Lagrangian immersions.
Example 4.22. Consider T * R n ≃ R 2n and denote by (x; ξ) the homogeneous symplectic coordinate system. Let L = S n = {(x, y) ∈ R n × R | x 2 + y 2 = 1} and consider the exact Lagrangian immersion ι : L −→ T * R n , (x, y) −→ (x; yx). The object F is in ⊥ D b {τ ≤0} (R n × R) and can be regarded as an object in D ι(L) (R n ). For this object F , we find that Then for a sufficiently small ε > 0, the image ι ε (S n ) is contained in Int(A). As in Example 4.22, we define F := k Zε ∈ D ιε(S n ) (R n ), where
(4.61)
Moreover we define G ∈ D ιε(S n ) (M ) as the zero extension of F to M × R. By monotonicity of the displacement energy and a similar argument to Example 4.22, we have e(A) ≥ e(ι ε (S n )) ≥ e D(M ) (G, G) ≥ 2 3 ε 2 > 0. (4.62)
For the next explicit example, our estimate is better than Akaho's estimate [Aka15] . Setting f : S n → R by f (x, y) := − 1 3 ϕ( x )y 3 , we have df = ι * α. We define a locally closed subset Z of R n × R by
(4.64) and F := k Z ∈ D b (R n × R). Using the object F , one can show e(ι(S n )) ≥ e D(R n ) (F, F ) ≥ 2/3 as in Example 4.22. On the other hand, the estimate by Akaho [Aka15] only gives e(ι(S n )) ≥ min r∈[0, (1 − r 2 ) 3 2 · ϕ(r)}, which is less than √ 3/8.
Our theorem is also applicable to non-exact Lagrangian submanifolds. We focus on graphs of closed 1-forms here.
Example 4.25. Let M be a compact connected manifold and α i : M → T * M a closed 1-form for i = 1, 2. Set L i := Γ α i ⊂ T * M the graph of α i for i = 1, 2 and assume that L 1 and L 2 intersect transversally. We consider the displacement energy e(L 1 , L 2 ). The symplectic diffeomorphism ψ on T * M defined by ψ(x; ξ) := (x; ξ − α 1 (x)) sends L 1 to the zero-section M 0 and L 2 to Γ α 2 −α 1 . Thus we assume L 1 = M 0 and L 2 = Γ α , where α is a closed Morse 1-form from the beginning. Let p : M → M be the abelian covering of M corresponding to the kernel of the pairing with α. Then there exists a function f : M → R such that p * α = df . By assumption, f is a Morse function on M . Define a closed subset Z of M × R by Z := {(x, t) ∈ M × R | f (x) + t ≥ 0}. 
